2-GENERATED CAYLEY DIGRAPHS ON NILPOTENT 
GROUPS HAVE HAMILTONIAN PATHS 
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Abstract. Suppose G is a nilpotent, finite group. We show that if 
{a, b} is any 2-eIement generating set of G, then the corresponding Cay- 
ley digraph Cay(G; a, b) has a hamiltonian path. This implies that all 
of the connected Cayley graphs of valence < 4 on G have hamiltonian 
paths. 



1. Introduction 

Let G be a group. (All groups are assumed to be finite.) 

Definition. For any subset S of G, the Cayley digraph of S on G is the 
directed graph whose vertices are the elements of G, and with a directed 
edge g — >■ gs, for every g G G and s G S. It is denoted Cay(G; S). 

It is known that every connected C ayley digraph on G has a hamiltonian 
path if ei ther G is abelian (see Lemma l2.ll ) or G has prime-power order (see 
Theorem |2.2| ) . Since abelian groups and p-groups are the basic examples of 
nilpotent groups, it is natural to ask whether it suffices to assume that G is 
nilpotent. We provide some evidence that this may indeed be the case: 

Theorem 1.1. Every connected Cayley digraph of outvalence 2 on any 
nilpotent group has a hamiltonian path. 

There is no need to make any restriction on the outvalence of Cay(G; S) 
if we assume the nilpotent group G has only one Sylow subgroup that is not 
abelian: 

Theorem 1.2. If G = P x A, where P has prime-power order, and A is 
abelian, then every connected Cayley digraph on G has a hamiltonian path. 



Remark. In abstract terms, the assumption G = P x A in Theorem ll.2l is 
equivalent to assuming that G is nilpotent and the commutator subgroup 
of G has prime-power order. 

The above results for directed graphs have the following consequence for 
(undirected) Cayley graphs. 



Date: (datel), and in revised form (date2). 

2000 Mathematics Subject Classification. 05C20, 05C25, 05C45, 20D15. 
Key words and phrases. Cayley digraph, hamiltonian path, nilpotent group, Cayley 
graph. 

1 



2 



DAVE WITTE MORRIS 



Corollary 1.3. Every connected Cayley graph of valence < 4 on any nilpo- 
tent group has a hamiltonian path. 

Remark. One can show quite easily that if S = {a, b} is a 2-element gen- 
erating set of a group G, such that \a\ = 2, |6| = 3, and |G| > 9|a6^|, 
then Cay(G; a, b) does not have a hamiltonian path. (This observation is 
attributed to J. Milnor [21 p. 267].) Examples in which G is (super)solvable 
can be constructed by taking G to be an appropriate semidirect product 
Zg x Zp, where p is a large prime that is congruent to 1 modulo 6. There- 
fore, the word "nilpotent" cannot be replaced with the word "solvable" (or 
even "supersolvable" ) in the statement of Theorem [LI . 

After some preliminaries in Section [2, the above results are proved in 
Section!^, by using the methods of [5]. See the bibliography of [1] for ref- 
erences on the search for hamiltonian cycles in Cayley graphs on general 
(non-nilpotent) groups. 

Acknowledgments. This research was carried out during a visit to the Uni- 
versity of Western Australia. I enthusiastically thank that university, par- 
ticularly the members of the School of Mathematics and Statistics, for their 
warm hospitality that made my visit both productive and enjoyable. The 
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2. Preliminaries 

All groups in this paper are assumed to be finite. 

Notation. Let G be a group, let S be any subset of G, and let H be any 
subgroup of G. 

• The Cayley digraph Cay(G; S) is the directed graph whose vertex 
set is G, and with an arc from g to gs, for every g G G and s € S. 

• The Cayley graph Cay(G; S) is the (undirected) graph that underlies 
Cay(G;5). Thus, its vertex set is G, and g is adjacent to both gs 
and gs~^, for every g ^ G and s £ S. 

• H\Cay{G; S) denotes the digraph in which: 

o the vertices are the right cosets of H, and 
o there is a directed edge from Hg to Hgs, for each g G G and 
s€S. 

• = {g~^hg \ h £ H,g £ G) is the normal closure of H in G. 

• (S^^S) = {s^^S2 I si,S2 € S) is the arc-forcing subgroup. Note 
that, for any a € 5, we have {S~^S) = {a~^S) = {a~^s | s G 5). 

• For si,S2, . . . ,Sn € S, we use (si)F=i = (si, S2, S3,. . . , Sn) to denote 
the walk in Cay(G; S) that visits (in order) the vertices 



e, Si, S1S2, S1S2S3, SiS2---Sn- 
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Also, (si, S2, S3, ... , denotes the walk (si, S2, S3, ... , s„_i) that 
is obtained by deleting the last term of the sequence. 

Terminology. Contrary to most authors, we consider both K2 and the loop 
on a single vertex to have hamiltonian cycles. This is because each of these 
graphs has a hamiltonian path whose terminal vertex is adjacent to its initial 
vertex. 

The following well-known observation is very easy to prove. 

Lemma 2.1 (^j Thm. 30.3, p. 506]). Every connected Cayley digraph on 
any abelian group has a hamiltonian path. 

In the remainder of this section, we recall some useful results from 0. 

Theorem 2.2 (Witte |5]). Every nontrivial, connected Cayley digraph on 
any group of prime-power order has a hamiltonian cycle. 

Lemma 2.3 (cf. [5l Lem. 4.1]). Suppose H is a subgroup of a group G. If 
G is nilpotent, then there is a subnormal series 

H = Hi<\H2<---<iHm = H^ 
of , such that, for 1 < k < m: 

(i) Hk+i/Hk is generated by a G-conjugate of H , and 

(ii) -fffc+i/i/fc has prime-power order. 

Proof. The desired conclusion is proved in [U Lem. 4.1] under the stronger 
assumption that G is a p- group. The general result follows from this special 
case, since every nilpotent group is a direct product of p-groups. 

For the reader's convenience, we provide a proof from scratch: given 
Hi, . . . , Hk, with Hk $i -ff*^, we show how to construct Hk+i- Since H C 
Hk $1 H'^ , we have ^ G, which means NdHk) ^ G. Then, because 
proper subgroups of nilpotent groups are never self-normalizing pT, Haupt- 
satz 111.2.3(c), p. 260], we have NdHk) C NciNGiHk)), so we may choose 
some X G G, such that 

X normalizes NdH^), but x ^ NciH^). 

Since x ^ Nc^Hk), we know x~^HkX ^ Hk- We also know (from property ([1]) 
and induction) that is generated by G-conjugates of H. Hence, there 
exists g G G, such that 

g^^Hg 2 Hk, and g^^Hg C x^^HkX. 

Let Hk+i = Hk ■ {g~^Hg). Then: 

• Hk+i properly contains H, because g~^Hg ^ Hk, and 

• Hk<Hk+i, because g~^Hg C x~^HkX C NdHk) (since x normalizes 
NaiHk)). 

By construction, the quotient Hk+i/H^ is generated by g~^Hg. 

Since G is nilpotent, it is the direct product of its Sylow subgroups: G = 
Pi X • • • X Pj.. Hence, we may write g = gig2 ■ ■ ■ gr, with gi G Pi. Furthermore, 
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every subgroup of G is the direct product of its intersections with the Sylow 
subgroups of G. Therefore, since g^^Hg ^ H^, there is some i, such that 
(g'^Hg) nPi<^ HkD Pi. This means g^^Hgi ^ Hk- We also have 



gr^Hg, C {H, {gr^Hg,) n Pi) C {H,g-'Hg) C {Hk,Hk+i) = H, 



Hence, there is no harm in assuming g = gi & Pi- Then g ^Hg C PiH, so 
\HkJ^i/Hk\ is a divisor of \Pi\, which is a prime-power. □ 



Remark 2.4. The assumption that G is nilpotent in Lemma |2.3| can be 
replaced with the assumption that is a p-group (for some prime p). 
To see thi s, no te that if ^ , then, since is nilpotent, the proof 



of Lemma l2.3l constructs an appropriate subgroup H^+i = ■ {g~^Hg), 
with g G H'~' . On the other hand, if Hk < H^, then every G-conjugate of H 
normalizes Hk, so it is easy to construct Hk+i- (Since \Hk+i/ Hk\ is a divisor 
of which is a power of p, property (jnl) is automatically satisfied.) 

Lemma 2.5 ([5j Lem. 5.1]). Suppose S generates a group G, and let 
and be subgroups of G with H~ < . If 

• there is a hamiltonian cycle in i7"'"\Cay(G; 5), 

• every connected Cayley digraph on /H^ has a hamiltonian cycle, 
and 

• H~^/H~ is generated by a G-conjugate of the arc-forcing subgroup 

then there is a hamiltonian cycle in H'~\Cay{G; S) . 

Essentially the same proof establishes an analogous result for hamiltonian 
paths, but we need only the following simplified version in which is 
trivial: 

Lemma 2.6 (cf. [SJ Lem. 5.1]). Suppose S generates a group G, and let 
H = {S^^S) be the arc-forcing subgroup. If 

• there is a hamiltonian cycle in H\Cay{G; S), and 

• every connected Cayley digraph on H has a hamiltonian path, 

then there is a hamiltonian path in Cay(G; S). 
Proof. Let 

• (sj)^i be a hamiltonian cycle in the quotient digraph H\Cay{G; S), 
and 

. (^1 ■52 ■ ■ • Sm-iaj)"—/ be a hamiltonian path in the Cayley digraph 
Cay{H;si.S2 - ■ ■ Sm-iS). 
Then it is not difficult to verify that 

(Si, S2, • • • , Sm-1, aj)r=l# 

is a hamiltonian path in Cay(G; S). □ 
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3. Proofs of the main results 

The heart of our argument is contained in the following result, which is 
adapted from the proof of [H Thm. 6.1], and may be of independent interest. 

Proposition 3.1. Let 

• S be a generating set of a finite group G, and 

• H = (S^^S) be the arc-forcing subgroup. 

If 

• G is nilpotent, and 

• every connected Cayley digraph on H has a hamiltonian path {or 
hamiltonian cycle, respectively), 

then Cay{G;S) has a hamiltonian path {or hamiltonian cycle, respectively). 
Proof. Consider the subnormal series 

H = Hi<H2<---<Hm = H'^ 



that is provided by Lemma l2.3l . and choose some a € 5". Since 

{a,H) = {a,a-^S) = (S) = G, 

we know that a generates the quotient group G/H^ = G/Hm- Thus, 
Hm\Cay{G; a) is a directed cycle. Furthermore, for each k, Theorem I2.2I 
tells us that every connected Cayley digraph oTiHhJ^i/Hk has a hamilton- 
ian cycle. Thus, repeated application of Lemma 1 2. Sl (with = -fffc+i and 
H~ = Hk, for k = m — 1, m — 2, . . . , 1) tells us that Hi\Cay{G; S) has a 
hamiltonian cycle. Since Hi = H, this means i?\Cay(G; S) has a hamilton- 
ian cycle. 

By assumption, we also know that every connected Cayley digraph on H 
has a ham iltonian pat h (o r hamiltonian cycle, respectively). Therefore, 
Lemma I2.6I (or Lemma I2.5I with H'^ = H and H~ = {e}) provides a hamil- 
tonian path (or hamiltonian cycle) in Cay(G; S). □ 



Remark. T he p roof of Theorem l2.2l is a minor modification of t he proof of 
Proposition 3T. Namely, rather than appealing to Theorem I2.2I in order to 
know that every connected Cayley digraph on Hk+i/Hk has a hamiltonian 
cycle, one can assume this is true by induction on The same induction 
hypothesis also implies that every connected Cayley digraph on H has a 
hamiltonian cycle. 

Corollary 3.2. Let S he a generating set of the group G. If 

• G is nilpotent, and 

• the arc- forcing subgroup H = (S^^S) is abelian, 
then Cay(G; S) has a hamiltonian path. 



Proof. Lemma l2.1l tells us that e very connected Cayley digraph on H has a 



hamiltonian path, so Proposition l3.ll applies. □ 
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Proof of Theorem ll.ll . Let {a, b} be a 2-element generating set for G. 



Then the arc-forcing subgroup H = {a ^b) is cychc, so it is abehan. There- 



fore Corollary |3.2| provides a hamiltonian path in Cay(G; a, b). □ 



Proof of Theorem ll.2l . Let Cay(G; S) be a connected Cayley digraph on 
G = P X A, and let H = {S~^S) be the arc-forcing subgroup. We may 
assume the generating set S is minimal. 

Case 1. Assume H ^ G. By induction on |G|, we may assume every con- 



nected Cayley digraph on H has a hamiltonian path. Then Proposition |3.1 
provides a hamiltonian path in Cay(G; S). 

Case 2. Assume H = G. Choose some a £ S, and let ~: G ^ P be the 
natural projection homomorphism. Since G = H = {a~^S — {e}), and the 
minimal generating sets of any finite p-group all have the same cardinality 
[3], Satz IIL3.15, p. 273], there is a proper subset 5o of S, such that (5*0) = P. 
Since G/P ^ A is abehan, this implies [G, G] C (So). Therefore (So) < G. 

Let = (So) < G. Since 5o is a proper subset of S, and S is minimal, 
we know N ^ G. Also, we may assume [G, G] is nontrivial, for otherwise 
Lemma I2.1I provides a hamiltonian path in Cay(G; S). Therefore N is non- 
trivial. Hence, by induction on we may assume every connected Cayley 
digraph on or G/N has a hamiltonian path; let 

• (si)"=i be a hamiltonian path in Cay(A^; So), and 



itj)'j^i be a hamiltonian path in Cay{G/N; S). 



Then it is easy to see (and well known) that ((si)"=i, is a hamilton- 

ian path in Cay(G; S). □ 



Proof of Corollary ll.3l . Suppose Cay(G; S) is a connected Cayley graph 
of valence < 4, and G is nilpotent. There is no harm in assuming that the 
generating set S is minimal. Let ^2 be the set of elements of order 2 in S. 
Also, let P be the Sylow 2-subgroup of G, so G = P x where \K\ is odd. 

If #5 — < 1, then, since So C P, we know K = G/P is cyclic. 
Therefore K is abelian, so Theorem ll.2l applies. 

We may now assume #5 — #^2 > 2. Then 

4 > valence of Cay(G; S) = #{S U S~^) 
= 2{#S - #52) + #52 > 2(#5 - #52) > 2 • 2. 

We mus t have equality throughout, so #5 = 2 (and 52 = 0). Then Theo- 
rem provides a hamiltonian path in Cay(G; 5). □ 



The following generalization of Theorem l2.2l is sometimes useful. 

Corollary 3.3. Suppose 

• S is a nonempty generating set of a group G, 

• N is a normal p-subgroup of G, for some prime p, and 

• there exists a £ G, such that 5 C aN. 
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Then Cay(G; S) has a hamiltonian cycle. 

Proof. Let H = {S~^S) C {aNy^{aN) = N. Since N<G, this imphes 
C iV, so H*^ is a p- group. He nce, Remark l2.4l provides a subnormal 
series as in Lemma [2^ . and Theorem l2.2l tells us that every connected Ca y ley 
digraph on H has a hamiltonia n c;^ cle. Then the proof of Proposition l3.ll 
provides a hamiltonian cycle in Cay(G;S'). □ 
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